Currently, it is of interest to develop long range vehicles capable of cruising o r gliding at hypersonic speeds and maneuverable vehicles capable of reentering the atmosphere (Refs. 1 and 2). In order to increase the range and the maneuverability, the vehicle should be designed with high aerodynamic efficiency, that is, high lift-to-drag ratio. Thus, we are presented with an optimization problem: that of maximizing the lift-to-drag ratio for various constraints imposed on the geometric dimensions.
In this area of problems, previous studies were carried out in Refs. 3 and 4 for the class of slender, flat-top, homothetic bodies. Direct methods were used, and the analysis was confined to the case where the longitudinal contour is represented by a power law. In this report, the above restriction is removed, and the indirect methods of the calculus of variations are employed in order to optimize bodies of arbitrary longitudinal contour. While the cross section is assumed to be semicircular, this restriction is by no means essential; the results of this report can be used to generate those valid for a body of arbitrary c r o s s section by employing the similarity law of Ref. 5. The complete list of hypotheses is as follows: (a) a plane of symmetry exists between the left-hand and right-hand sides of the body; (b) the upper surface is flat; (c) the body is slender in the longitudinal sense; (d) the transversal contour is semicircular; (e) the free-stream velocity is parallel to the line of intersection of the plane of symmetry and the plane of the flat top; (f) the pressure coefficient is proportional t o the cosine squared of the angle formed by the free-stream velocity and the normal t o each surface element; (g) the base drag is neglected; (h) the skin-friction coefficient 4 is constant and equal to a suitably chosen average value; and (i) the contribution of the tangential forces to the lift is negligible with respect to the contribution of the normal forces. 
FUNDAMENTAL EQUATIONS
In order to relate the drag and the lift of a body to its geometry, we define the following cylindrical coordinate system Oxr8 ( Fig. 1 
where 6 denotes the length of the body, n a factor modifying the Newtonian pressure distribution(*), C the skin-friction coefficient, and ? the derivative dr/c€x. As a f consequence, the lift-to-drag ratio is given by where
This lift-to-drag ratio is to be maximized subject t o the isoperimetric constraint of given volume
and the inequality constraint which expresses the limit of validity of the Newtonian pressure law.
One way to account for Ineq. (5) 
With respect to the functions r(x) and the parameters and t satisfying the isoperimetric constraint (8) and the prescribed boundary conditions. In Eq. (9), the functions F and G are defined as Class 111:
Class IV:
yields the following natural boundary conditions :
which must be satisfied identically for every set of variations consistent with the prescribed end conditions. Since 6 r . = 0 and 6r = dt, the explicit form of Eq. (15) 
where T is the thickness ratio. With the aid of these definitions, Eqs . and where b denotes the derivative dp/dF. The first integral (14) Notice that the geometry of the optimum body is completely determined in the ED-coordinate system but depends on a scaling factor in the xr-coordinate system.
Therefore, there exist an infinite number of bodies having the lift-to-drag ratio parameter (38-1). However, if one geometric quantity is specified (the length, the thickness, o r the volume), the optimum body becomes unique. Should two or three geometric quantities be simultaneously specified, the geometry of the optimum body would generally change, and a loss in the lift-to-drag ratio parameter would occur with respect to that predicted by FQ. (38-1).
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. GIVEN THICKNESS AND LENGTH
If the thickness and the length are given while the volume is free, the extrema1 solution is governed by the first integral (28) which must be solved in conjunction with the condition X, = 0 and the boundary conditions (31) and (32). This first integral can be rewritten as and its solutions are of Class I o r Class I1 depending on the value of the thickness ratio parameter T, , a known quantity.
Solutions of Class I. These solutions occur for C,> > 0 and are characterized by the fact that the optimum body behaves as a 3/4-power body near the axis of symmetry so that 6 = m . By applying Eq. (39) at the final point, we see that
and, as a consequence,
Next, we observe that d4 = dp/b and, upon integration, we obtain the relationship
(Q' denotes the derivative dQ/db), which--together with Eq. (41)--describes the optimum shape in parametric form. The lift-to-drag ratio parameter E,: and the final slope b are unknown and must be determined in terms of the thickness ratio parameter T $ . 
Therefore, upon elimination of 5 . from Eqs. (51) and (52-2), the optimum shape can be 
GIVEN VOLUME AND LENGTH
If the volume and the length a r e given while the thickness is free, the extremal solution is governed by the first integral (28) which must be solved in conjunction with the isoperimetric constraint (26-2) and the boundary conditions (31) 
I
and the constant 8 are unknown and must be determined
Also, we combine Eqs. (26), (58), and (59) and deduce that Finally, we rewrite the boundary condition (32-5) in the following form:
Since the functions P and R contain the quantities E,, T, , and 8 , the relations (60) through (62) 
1)
define the functions I I implicitly. As a consequence, the parametric equations of the optimum shape (58) and (59) Next, we observe that d4 = dp/p and, upon integration, we obtain the relation Also, we combine Eqs. (26), (73), and (74) and deduce that
Since the functions P and Q contain E, and T,, the relations (72-l), ('is), and (76) define the functions Solutions of Class 111. For these solutions, which are characterized by C, = 0 and A, = E, , the shape equations (73) and (74) are still valid. The lift-to-drag ratio parameter E, , the thickness ratio parameter 7 , , the initial slope p , the final slope and the transition abscissa 4 can be determined in t e r m s of the volume-thickness 
which admit solutions of the form (77) and
Once more, the optimum shape is described by equations of the form (78) (c) If the thickness and the length a r e given, two solutions are possible depending on the value of the thickness ratio parameter. For T, 2 1.26, the optimum body consists of a spike followed by the semicone of case (a). For T , > 1.26, the optimum body is convex, it behaves as a 3/4-power body in the neighborhood of the axis of symmetry and, therefore, has an infinite slope at the nose.
(d) If the volume and the length are given, two solutions are possible depending on the value of the volume-length parameter. For V, of a spike followed by the semicone of case (a). For V, > 0.529, the optimum body is convex, it behaves as a 3/4-power body in the neighborhood of the axis of symmetry 0.529, the optimum body consists Maximum lift-to-drag ratio.
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Optimum thickness ratio. 
